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Abstract

First introduced by Bruno Buchberger in 1965, Grobner bases have now
become a standard tool in computational algebra. Grobner bases are
used in a diverse spectrum of applications, ranging from tasks such as
solving systems of equations, to applications where their properties are
used as a stepping stone for further abstract algorithms.

In this paper we collect some now classical results and some recent
developments in a way that may be used as an introduction to this rich
subject for readers with some background in basic algebra. We provide
examples of the classical methods of equation solving and examples of
using Grobner theory to calculate other interesting algebraic objects.



Notation and symbols

symbol meaning

0 end of proof

A end of example

N {0,1,2,...}

< ideal in

(fiyeos fs) ideal generated by {fi,..., fs}

(fi,..., 1) submodule generated by {f;,...,f,}

A the polynomial ring in n variables over a field k
A" the free module A x --- x A of dimension n

™ the set of power products in A

< lesser than, term order

f4h polynomial reduction of f to h by g

f <, L h polynomial reduction of f to h by G in multiple steps
< lesser than or equal to, submodule of

=< induced term order

& isomorphic to

im image

ker kernel

&) direct sum

® tensor product

Hom(M, N) the set of A-module homomorphisms from M to N

Ext"(M, N)

the extension group at position n between M and N
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1. Introduction

Since its inception, the meaning of the word algebra has shifted somewhat. Originally refering to
the art of solving equations, the term now encompasses a more general notion - modern algebra
is the study of general worlds and objects that we can formulate equations in. The concepts of
numbers and equations have been generalized by definitions such as rings, polynomials and vector
spaces. For a more lucid and complete account of the development of algebra, we refer to the first
chapter of [PinIl], aptly titled “Why abstract algebra?”.

The aim of this paper is to present the foundations of Grébner bases, a computational tool for
solving systems of equations, in the setting of a polynomial ring over a field.

We begin section P by recalling some elementary concepts from abstract algebra, and in 2
we proceed by presenting some further concepts from commutative algebra that are necessary.
Concluding the first section, we discuss some implications from the area of algebraic geometry in
233

The third section covers the fundamentals of Grobner theory. In BTl we introduce some technical
definitions needed for the definition of Grébner bases in BA. We then proceed by presenting
a constructive algorithm for finding Grébner bases known as Buchbergers algorithm in BZ3. In
B2 and B3 we discuss some further properties and show examples of Grobner bases, including a
construction of a Grobner basis for the elementary symmetric polynomials.

In the next section we cover the basic theory of modules and a natural generalization of Grébner
bases to modules over a polynomial ring in B0 and B=. In B=3 we discuss syzygies as a way to
describe linear dependence of a set of generators. In B we briefly cover free resolutions and how
syzygies can be used to show classical results regarding them. In the concluding sections B4 to E—2
we present methods for explicit calculations of algebraic objects such as Hom and Ext.
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2. Preliminaries

2.1. Some basic algebraic concepts, definitions and examples

We will, for most parts, assume some familiarity with basic concepts of mathematics, but for clarity
and completeness we will include some basic definitions and examples. The definitions of B0 will
be familiar to any student of an introductury course in algebra. Further concepts that may be
new to such a reader will be presented in Z2. For a more exhaustive account of these objects, we
recommend the book Abstract Algebra by Dummit and Foote, [DFD4].

Definition 2.1. A GROUP is a set G with a binary operation x defined on its elements, that satisfy
the following:

e Closure: for all a,b e G, axb e G.
o Associatiwity: for all a,b,c € G, (axb)*xc=ax (b*c).

o Identity element: there exists an element e € G such that axe =exa =a for all a € G.

. —1 -1 -1
e Inverse: for all a € G, exists an element ¢~ such that axa  =a xa=ce.

Remark. One often writes the group as (G, x) to emphasize the operation in question. If the context
makes it obvious, the operation is often omitted and written as a x b = ab.

Ezamples 2.2. The set of integers Z = {0,1,—1,2,—2,...} is a group with the operation of addition.
Similarly the rational numbers Q, the real numbers R and the complex numbers C are groups under
addition. The natural numbers N = {0,1,2,...} with + do not however form a group since it lacks
inverse elements. Z[z], the polynomials with integer coefficients in one indeterminate x is a group
under addition. A

Definition 2.3. A group G is said to be ABELIAN (or commutative) if for any two a,b € G, ab = ba.

Definition 2.4. A RING is a set R with two binary operations 4+ and x defined on its elements,
that satisfy the following:

(R,+) is an abelian group.

Closure: for all a,b € R, axb € R.

Associativity: for all a,b,c € R, (axb)xc=ax (bxc).

Identity element: there exists an element 1 € R such that axe =e*a =a for all a € R.

Distributivity: for all a,b,c € R, ax(b+c¢)=axb+arcand (a+b)xc=axc+bxc.

Remark. The second operation above is often refered to as multiplication and written with a - b
or ab. The existence of a multiplicative identity element is often referred to as wunitality. Some
authors choose not to include this in the base definition of a ring.

Ezamples 2.5. The set of integers Z = {0,1, —1,2, —2...} is a ring with the operations being addition
and multiplication. The same holds for Q,R and C.

Z[x], the set of polynomials with integer coeflicients in one variable, is a ring. The same holds for
polynomials in two or any number n variables, Z[z,y| resp. Z[zq, ..., z,]. A
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Definition 2.6. A ring R is said to be COMMUTATIVE if the multiplication is commutative, i.e. for
any two a,b € R, ab = ba.

We now make precise the construction Z[z] in the example above.

Definition 2.7. For a commutative ring R, the POLYNOMIAL RING R[z] is the set of finite sums
of the form p(x) = py + p1x + ...+ p,x" for some natural number n, coefficients py,...,p, € R
and the indeterminate variable . A summand in this sum is called a TERM.

We define addition and multiplication as for the usual polynomials in a determinate = in basic
algebra. Let q(z) = gy + 12 + ... + g2 and, without loss of generality, n > m. We say ¢; = 0
for i > m and define

n+m 7
p(a) +q@) = (o + q0) + (1 + @)z + ..+ (D + @)2",  p@)g@) =D D pjaiy | 2"
i=0 \ j—=0

The ring of multivariate polynomials over R is defined in the same manner and is constructed as
R[mla s axn] = R[l'l? LR xn—l][x]'

Definition 2.8. A (two-sided) IDEAL is a subset I of a ring R such that

e (Closure: I is a ring.

o Absorption: for allr € Randi € I, ri € I and ir € I.

The statement that I is an ideal of R is often written I << R. The set of ring elements that can be
written on the form rya; +...4+r,a, for a fixed set {ay,...,a,} C R and ring elements r; € R is an
ideal of R. This is said to be the ideal GENERATED BY {a1,...,a,} and is written as (a,...,a,).

Ezamples 2.9. The set of even integers 2Z = {0,2,—2,4,—4,...} is an ideal of Z. Similarly, nZ is
an ideal for any integer n.

The set of polynomials p € Z[z] that can be written p = (1 + x)q for some ¢ € Z[z] is an ideal,
written (1 + ) <Z[x]. A

Remark. When used in proofs in this text, we will show that a subset I is an ideal of R by first
showing closure under subtraction (taking additive inverses), that is, given x,y € I the difference
x —y is also in I. Closure under multiplication by elements of R will then yield both conditions in
the definition above.

Definition 2.10. The QUOTIENT RING R/I of an ideal [ in a ring R is defined by
R/I={r+1|reR}

with well-defined addition and multiplication by (a+ 1)+ (b+1) = (a+b)+1I and (a+1)(b+1) =
ab+ 1.

Ezamples 2.11. For the ring Z and the ideal 3Z, the quotient ring is Z/3%Z = {0+3Z,1+3Z,2+3Z} =
{0, 1,2}, informally the integers modulo 3. Some illustrative valid statements for this ring include
1+2=0,2-2=1and 1= -2.

In the quotient ring R[z]/(x* 4+ 1), we have that z° +1+ (2° +1) = 04 (2> +1) and 2* + (2> +1) =
2 4+1-1+ (x2 +1)=-1+ (x2 + 1). Informally, in this quotient ring, 2?2 + 1 is “killed”, or,
equivalently, occurrences of 2~ are replaced by —1. A
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Definition 2.12. A FIELD is a set k£ such that

e [ is a commutative ring.

o Multiplicative inverse: for all non-zero r € k there is a r~! € k such that r'r = 1.

Ezamples 2.13. The set of rational numbers QQ as well as the real numbers R are fields. The quotient
ring Z/37Z is a field, as any non-zero element has a multiplicative inverse: 1-1 =1, 2-2 = 1. Indeed,
the quotient ring Z/pZ is a field for any prime number p, such as p = 57. A

Remark. In a field k, any element y can be reached from some given element = through multiplica-
tion by yz~". From this observation we easily see that if I is an ideal of k, either I = (0) = {0} or
I = (1) = k. Furthermore, if xy = 0 for some x,y € k, then either z = 0 or y = 0. That is, every
field is an integral domain.

We now define the concept of a structure preserving map between rings, essential in the study of
these objects. These are functions from the underlying set of a ring to that of another ring that
respect the operations of both rings.

Definition 2.14. A HOMOMORPHISM (of rings) is a function f : R — S between two rings R, S
such that:

o Multiplicativity: for all a,b € R, f(ab) = f(a)f(b).
o Additivity: for all a,b € R, f(a+b) = f(a) + f(b).

e the multiplicative identity 15 of R is mapped to the multiplicative identity 1g in S.

A ring homomorphism that is bijective is an ISOMORPHISM. If an isomorphism between R and S
exists, we say that R is ISOMORPHIC to S and write R = S.

Ezamples 2.15. For the ring Z, the map f(n) = 2n defines a homomorphism f : Z — Z. This can
also be used, for instance, to define a homomorphism [ : Z — Q.

The map between the quotient ring R[z]/ (x2 +1) and the complex numbers C defined by mapping
2 to the imaginary unit ¢, or more explicitly a + bx — a + bi is an isomorphism. Hence

Rlz]/(z* + 1) = C.

2.2. Further definitions and some useful results

From the fundamental concepts presented in EZIl we may now introduce some additional definitions
necessary for the machinery of Grébner theory. First we present some key concepts of commutative
algebra and then we turn our attention towards the central objects of algebraic geometry in 3.

Firstly we define a property of a ring that will be essential for our foray into computational algebra.
Definition 2.16. A ring R is said to be NOETHERIAN if for every ascending chain of ideals I; < R
L CI,CILC---

there exists N € N such that Iy = Iyy; = Inyo = ---. That is, R is Noetherian if and only if
there are no infinite strictly ascending chains of ideals.
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This property can be formulated in more tangible terms for commutative rings as follows:

Theorem 2.17. A commutative ring R is Noetherian if and only if every ideal I < R is finitely
generated, i.e. any such I has a finite generating set.

Proof. Assume that R is Noetherian and that there exists an I < R that does not have a finite
generating set. Let f; € I. Then there exists f, € I such that fy & (f;) so that (f;) € (f1, f2)-
Continuing in this fashion we obtain a strictly ascending chain of ideals, which contradicts the
Noetherianity of R.

Conversely, assume that every ideal of R is finitely generated. Consider an ascending chain of
ideals of R
LCLCI;C---.

Construct I = |J, I}, and let z,y € I. Then x € I; and y € I; for some 4,j. Without loss of
generality we are free to take ¢ < j so that I; C I; and z,y € I;, which is an ideal in R and thus
closed under subtraction. From the definition it is clear that I absorbs elements of R. Hence I <R.

Thus I is finitely generated, I = (fi,...,fs). Then for every i € {1,...,s} there exists N; such
that f; € Iy,. Take now N = max(Ny,...,N;). Then f; € Iy fori € {1,...,s} so that I C Iy,
iie. I =1Iy. Hence Iy = Iy = Iyyo = --- and the ascending chain terminates. O

Ezamples 2.18. A field k is Noetherian since, as we saw above; if I <k, then either I = (0) = {0}
orI=(1)=k.

The polynomial ring (in finitely many variables) k[zy, ..., z,] is Noetherian, which we shall see as
a consequence of Theorem P2Z21.

A non-Noetherian ring may be realized by, for instance, taking a polynomial ring in infinitely many
variables. A

The theorem we shall state below is indispensable in the theory of Grobner bases in that it, as
we shall see in further sections, guarantees that investigated ideals have a finite set of generators
which in turn guarantees that our algorithmic operations terminate after a finite number of steps.
First it is necessary to define some concepts in a polynomial ring.

Definition 2.19. Let R be a commutative ring and p(z) = py + p1z + ... + p,z" € Rlz]. We
define LT(p), the LEADING TERM of p to be the term of the form cz' for some non-zero ¢ € R and
maximal 4, that is, LT(p) = p,x". c is said to be the LEADING COEFFICIENT of p, ¢ = LC(p).
Furthermore we define deg(p) € N to be the DEGREE of a polynomial, the highest occurring power
of x so that deg(p) = n.

Remark. If R is a commutative ring that is an integral domain (that is, given zy = 0, either x = 0
or y = 0), then deg(pq) = deg(p) + deg(q) for non-zero p,q € R[z].

Theorem 2.20. (Hilbert basis theorem) If the commutative ring R is Noetherian, then R[z] is
Noetherian.

Proof. Let J < R[z]. We will constructively show that J is finitely generated. Define
I, = {r € R|there exists a p € J such that deg(p) =n and r = LC(p)} U {0}.

Then for p, ¢ € J corresponding to some r, s € I,,, respectively, as in the definition of I,,, deg(p—q) =
nif r # s so that LC(p—¢q¢) =r—sandr—s € I, (if r = s, then r —s =0 € I,), so that I,
is closed under subtraction. Given some t € R obviously deg(tp) = n and LC(tp) = tr so that I,
absorbs elements of R. Hence I,, < R.
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Furthermore, for a p € J corresponding to some r € I,,, we have that deg(xp) = n+ 1 and
LC(zp) = r so that r € I,,,,. Hence I,, C I, and we have an ascending chain of ideals of R.
Since R is Noetherian, there exists N € N such that I,, = Iy for all n > N and every ideal in the
chain is finitely generated, I; = (r;1,...,7;,)-

Let now f;; € J be the polynomial corresponding to 7;; as in the definition of I; (i.e. of degree i
and such that LC(f;;) = ry;) for each i € {1,...,N} and j € {1,...,¢;}. Construct J = (f;;|i €
{1,...,N},j € {1,....,t;}) € J and let f € J with deg(f) = n. We shall show that f € J' by
induction over n.

For the base step, if f =0 or n = 0, then f € I, and hence f € J'. For n > 0, assume that the
elements of .J of degree < n are in J' and let r = LC(f). We have the following cases:

If n < N, then the leading coefficient of f is in I,, and r can be written as r = Zj 5Ty, for s; in
R. Thenfor g=73;s;fn; € J', we have deg(g) = n and LC(g) = r. We thus have deg(f —g) <n
and, since f — g € J, by induction, f — g € J' so that f € J'.

If n> N, then f € I,, = Iy so that r =}, s;ry; for s; € R. Construct g =}, sjm"_NfNj eJ.
Evidently, deg(g) = n— N+ N = n and LC(g) = r so that deg(f —g) < n. By induction, f—g € .J'
and thus f € J'. Hence J = J' and is finitely generated. O

Corollary 2.21. The multivariate polynomial ring k[z,...,z,] over a field k is Noetherian.

Proof. This follows from an easy induction over n using the Noetherianity of & and the fact that

klzq, ..., x,] = k[zq, ..., 2p_1][x]

2.3. Algebraic geometry and solution sets

The idea of representing the solutions of equations geometrically is common and essential in al-
most any application of mathematics. This idea is formalized properly by the concept of solution
sets, varieties, that exhibit geometrical properties of algebraic objects as well as radical of ideals
exhibiting algebraic properties of geometrical objects. The famous zero locus theorem of Hilbert,
the Nullstellensatz, captures this connection in a beautiful way. To understand the utility that the
essentially purely algebraic construction of Grébner bases carries for geometrical purposes, we now
briefly introduce some of these concepts.

Definition 2.22. For a(n algebraically closed) field k£ and a set of polynomials F = {f;,...} C
k[xy, ..., 2,], we define the VARIETY of F' by

Z(F)={pek™| flp)=0Vf€eF}
Definition 2.23. For a subset V of k", we define the VANISHING IDEAL of V by
I(V)={f€klzr,..,z,] | f(p) =0VpeV}.
Definition 2.24. For any ideal I in a ring R, we define the RADICAL of the ideal by
VI={reR|3neN: r"el}.

Theorem 2.25. (Hilbert Nullstellensatz) For an algebraically closed field k and any proper ideal
I of k[xy, ..., z,], the following is true:

VI =1I(Z(I)).

10



Sarlin, Zotov: On Grébner bases 2. Preliminaries

This well-known result was first shown (as one might guess) by Hilbert in 1890. Proofs of this
theorem can be found in any proper treatment on commutative algebra or algebraic geometry, for
instance in Atiyah’s and Macdonald’s Introduction to Commutative Algebra, [ANMGY]. We will not
make explicit use of this theorem, but include it because of its significance and as an indication of
how methods on ideals (such as Grébner bases) can be related to other areas of mathematics.

Ezample 2.26. For the ideal I = (z°) in C[z], polynomials in the algebraically closed field C, we
have a very trivial variety Z(I) = {0}. The vanishing ideal of this variety is the ideal of polynomials
that vanish on 0. This is any polynomial without a constant term, meaning that Z(Z(I)) = (),
which is exactly the radical of I = (z°).

Ezxample 2.27. In the two-dimensional real plane a circle can be defined by the solutions to the
equation 2+ y2 = 1. An ellipse can similarly be described by the equation x2/3 + 3y2 = 1. The
circle and the ellipse intersect each other at

(i\/§/2, 11/2) € R%.

However, R is not algebraically closed, so we consider these objects as subsets of C. The real valued
solution points are shown in figure 0.

Figure 1: Intersection of circle and ellipse in R?

For an algebraic treatment we can associate the circle with the ideal I; = (9:2 +9° - 1) and the
ellipse with I, = (2°/3 + 3y® — 1) and identify them with the varieties Z(I;) and Z(I,).

The intersection of two varieties is the variety of the union of the ideals,
Z(L)N2(L) = 2(1, UIy)

but in general, unions of ideals may not be ideals. However,

1
LULCL+L={a+blacl,beJ,}=(x"+y°—1, §x2—|—3y2—1)

and therefore Z(I; UIy) D Z(I; + I,). Since any element of the intersection Z(I;) N Z(1I,) will be
in the variety Z(I; + I,) of the sum, this implies that Z(I; U L,) = Z(I; + I,).

Thus, the intersection points are described by the variety of the sum of the ideals:

Z(LUL)=Z(L+ L) ={peC| f(n) =0 ¥fel+D}

11
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which gives us the following set of real valued solutions:
{(i\/ﬁ/z 11/2) € RQ}.

In section B2 we will show how to obtain this result by computing a Grébner basis for the ideal
I+ 1, = (2* +y° — 1, %x2—|—3y2—1). A

12
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3. Grobner basics

Throughout this section, we will for the most part paraphrase the terminology and exposition
in [ATY4|, following the same steps in our proofs unless otherwise indicated. The remarks and
examples, however, mostly reflect the thoughts of the writers. The former are mostly things we
have picked up from different sources on our way and the latter constitute a mixed collection of
exercises and standard examples found in literature (with references) as well as our own examples.

3.1. Term orders, leading terms and division algorithm

The modern body of Grébner theory consists of a set of computational tools and results that enables
explicit calculations of various algebraic objects. The central notion for this framework is that of
Noetherianity, which as previously mentioned is the property that guarantees the existence of a
finite generating set for an ideal. Grobner bases are a particular kind of finite generating sets for
ideals in (Noetherian) polynomial rings, so this allows us in turn to introduce algorithmic methods
for finding these in a finite number of steps. The central aspects of this theoretical framework that
enables these constructive methods will be presented in this section.

Here we introduce some important definitions required to define Grébner bases. Firstly, we recall
the concept of division in a polynomial ring k[z] over a field and then see how this definition can be
extended to the multivariate case. The following formulation is the long division of basic algebra:

Definition 3.1. Given f,g,h € k[z], we say that f REDUCES TO h BY g or write f % h if and
only if LT(g) divides LT(f) and
LT(f)

If furthermore f is reduced by g in a number of steps, such as when f 2 h s r, we write f inr r.

Theorem 3.2. (Euclidean property of k[x]) For any f, g € k[z] such that g # 0, there exist unique
q,r € k[z] such that f = qg + r with either r = 0 or deg(r) < deg(g).

Proof. Due to [DED4]. Assume f # 0 (otherwise, ¢ = r = 0) and let n = deg(f), m = deg(g). We
show existence of ¢ and r by induction over n.

If n <m,let ¢ =0and r = f. Assume thus that n > m and let f < f’ so that

LT(f)
f'=1rf—-s==59
LT(g)
Then deg(f') < deg(f). By induction, there exist ¢’ and ' such that f' = ¢'g + " and either
7' =0 or deg(r’) < deg(g). Defining r = r" and
LT(f)

A
=40+ =/~
LT(g)

we can write f = gg + r so that either r = 0 or deg(r) < deg(g).

Assume now that for f and g we can write f = ¢;9 + r, and f = ¢o9 + r, as above. Then
deg(ry) < deg(g) and deg(ry) < deg(g) so that deg(r; — ry) = deg((gs — q1)g) < deg(g). Since
deg((g2 — q1)g) = deg(qy — ¢1) + deg(g) if the polynomials are non-zero (as remarked earlier, k is
an integral domain), we necessarily have g5 — ¢; = 0 so that ¢; = ¢, and, consequently, 7, = r5 so
that the ¢ and r are unique. O

13
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Example 3.3. Let f = 2° + 22> + z and g = 2 + 1. We identify LT(f) = 2% and LT(g) = «. The
reduction can be done in two steps:

LT(f) 3 2 o’ 2
hy f LT(g)g x° +2x +2x x(x+ y=a"+zx
LT(h,) 2 z
hy = hy — = - = 1) =
so that f 2, 0. A

For polynomial division to be applicable in a multivariate ring, we need a way to compare mono-
mials consisting of several indeterminates. This is formulated using the concept of term orders.
Henceforth we will denote our multivariate polynomial ring k[z,,...,z,] by A.

Definition 3.4. By a MONOMIAL or POWER PRODUCT in A we refer to a product of the form
X =zt - xy for some powers ay,...,q, € N. A TERM in A is of the form ¢X with ¢ € k and
a monomial X. We shall denote the set of the power products of A by T".

Definition 3.5. A TERM ORDER on T" is a total order < on T" (that is, given two monomials
X,Y € T" exactly one of the following holds: X <Y, X >Y or X =Y) such that:

e 1 < X for all X € T" such that X # 1.
o If X <Y, then ZX < ZY for all Z € T".

Remark. For two terms P = ¢X,Q = dY, we say P < @Q if X <Y with respect to the term order
< on T".

The following result connects the mechanism of multivariate term orders to the usual univariate
operations:

Lemma 3.6. Let < be a term order on T" and X,Y € T". If X divides Y, then X < Y.

Proof. Since X divides Y, there exists Z € T" such that Y = XZ and from the term order
definition, Z > 1. Then Y = XZ > X, again from the definition. O

Recall that for the univariate case, polynomial division returned as output a remainder r of strictly
lesser degree than that of g. To assure that reduction can be performed in a finite number of steps
we need to verify the nonexistence of infinite strictly descending chains of terms. Any total order
< on A that satisfies the two conditions in the definition is then a valid way of comparing power
products in A, as is seen from the following consequence of the Hilbert basis theorem in P72:

Theorem 3.7. Any term order on T" is a well-ordering. That is, for a given term order < on T",
any collection of power products T C T" has a minimal element X € T such that for any Y € T,
X <Yy.

Proof. Assume to the contrary that there is no such minimal X. Then there exist power products
X, € T" for ¢ € N such that
X1>X2>X3>

and there exists a collection of ideals of A

(X1) C (X, X5) C (X, Xy, X3) C -

14
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We shall show that equality between two such consecutive ideals cannot hold. Assume that
(Xq,...,X,) = (X1,...,X,,, X,41). Then we can write

n
Xny1 = ZpiXi
i=1

for polynomials p; € A. Every summand is then of the form p; X; where X; divides every term in
p; X; so that every term on the right-hand side is divisible by an X; for some i € {1,...,n}. Since
equality holds, X, ,; must appear on the right-hand side and is thus divisible by some X;. By
Lemma BB above we then necessarily have X; < X, ,; with n + 1 > 4, which is a contradiction.
Hence we obtain the following strictly ascending chain of ideals of A

(Xl) g (X11X2) g (X17X27X3) g Ty
which contradicts the Noetherianity of A by the Hilbert basis theorem. O

We shall now state some commonly used term orders on T". Let X = z{*25%---z;" and Y =

zf1x§2 e aPr for (aq,.-s),(B1,-.-,8,) € N".
Definition 3.8. The LEXICOGRAPHICAL (lex) term order on T", with z; > xzy > -+ > =, is
defined as

X <Y <= q; < f3; holds for the first 1 < i < n such that «; # 3;.
Ezample 3.9. Using lex and z; > x4,

1<x2<x§<x1 <x1x2<x1x§<x%.

Definition 3.10. The DEGREE LEXICOGRAPHICAL (deglex) term order on T" with z; > xy >
-+« >z, is defined as

i=

(nai<i6¢> or
X<Y (nl =1 )

Y a; =Y B;and X <Y with respect to lex y > 29 > -+ > 1,
i=1 i=1
Example 3.11. Using deglex and x; > x4,
1< @y <@y <25 <@y <3 < ah <5

A

Definition 3.12. The DEGREE REVERSE LEXICOGRAPHICAL (degrevlex) term order on T" with
Ty > Ty > -+ > x, is defined as

n n
( a; < Y ﬁi) or
i=1 i=1

(Z a; = > B; and a; > B; holds for the first n >4 > 1 such that «; # ﬁi> .
i=1 i=1

X<<Y —

Ezample 3.13. Using degrevlex and x; > x4 > x3, we have x%zgxg < zlxg. A
We now define analogues of the univariate definitions such as the leading term of a polynomial:

Definition 3.14. Let < be a term order on A and f € A. We then define

15
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LT(f): the LEADING TERM of f is a term of the form ¢X for some non-zero ¢ € k and X € T"
that is <-maximal among the power products appearing in f.

LM(f): the LEADING MONOMIAL is the power product of the leading term of f, that is, X.

LC(f): the LEADING COEFFICIENT of f is the coefficient of LT(f), that is, c.

CT(f): the CONSTANT TERM of f is the coefficient of the power product 1, that is, CT(f) = d
for some d € k (if 1 does not occur as power product in f, we let CT(f) = 0).

Ezample 3.15. Let f = 22% + 3zy® + 5y° + 1 € Q[z,y]. Then, with lex and = > y, LT(f) = 22°.
With lex and y > x, LT(f) = 5y°. With deglex and z > v, LT(f) = 3zy>. The constant term of
fis CT(f) = L. A

We can now formulate the concepts of reduction and a division algorithm in A. Let < be a fixed
term order on the monomials of A.

Definition 3.16. Given f, g, h € A, we say that f REDUCES TO h BY g or write f % h if and only
if LT(g) divides some non-zero term X in f and

=/ -0
LT(g)
Let furthermore F' = {f;,..., fs} C Asuch that f; #0 fori € {1,...,s}. We say that f REDUCES
TO h MODULO F or write f inr h if and only if there exist a sequence iy, ...,4; € {1,...,s} and
a sequence hq,...,h,_; € A such that
fi, fiy f fi, 1 fi,
f—h — hy — - —— hy_; —> h.

Example 3.17. Let f = x2y +yz and G = {g1, 92,93} with g, = 2y, go = y + z and g3 = z. Since

2

2 2
hy =f—%91 =zy+yz— Tlay =yz

hy  =hy — (22)92 yz——(y+z) ==z
hs =hy = maisy0s = =2 + g2 =0,
we can write f 2 hy 25 hy 22 Oorf->+0 A

Definition 3.18. A polynomial f € A is said to be REDUCED with respect to G = {gy,...,9,} C A
if and only if f = 0 or if f is not reducible modulo G, that is, no term in f is divisible by LT(g;)
for g € {1,...,s}.

We are now ready to formulate polynomial division in our setting, A:

Theorem 3.19. (Multivariate polynomial division algorithm) Given a polynomial f € A and a
set of non-zero polynomials G = {gy,...,gs} C A, define the following algorithm:

1. If there exists ¢ € {1,..., s} such that LM(g;) divides LM(f), that is, if LT(f) = a LT(g;) for
some a, add the a corresponding to the minimal such i to the quotient ¢; and reiterate for

_ LT(f)
LT(g;)

9i = [f—ag;

2. If no such i exists, add LT(f) to the remainder r and reiterate for f — LT(f).

16
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This algorithm terminates in a finite number of steps and produces quotients q;,...,q; € A and a
remainder 7 € A that is reduced with respect to GG so that

f=ag+...+¢gs+r and LM(f)=max (giags(LM(qi) LM(gi))aLM(T)) :

Proof. Label the polynomial at the start of the ith iteration of the algorithm by h;. Then LT(h;) >
LT(h;;;) and we obtain a descending chain of terms that terminates finitely by Theorem B,
proving the first assertion.

Furthermore, for any such h, LM(h) < LM(hy) = LM(f). Tn this iteration we will add — {1 g;
LT(h)

to h so that the leading term of h is cancelled and, consequently, add TT9.) to ¢q;. Hence
LM(g;) LM(g;) < LM(f).

From step 2 of the algorithm, it is clear that either » = 0 or no term in r is divisible by any LM(g;)
so that r is reduced with respect to G. O

A natural question is that of ideal membership, that is, if a given f € A is a member of some given
ideal I = (gy,...,95) < A. If, following division of f by {g1,...,9,} the remainder r is zero, f can
be written as f = ", ¢;9; so that f € I. However, the converse is not true in general: neither the
quotients g; nor the remainder 7 of a multivariate polynomial division are unique, as demonstrated
in the following simple example. This will be one of the main motivations for introducing the
concept of Grébner bases in Section BZ2.

Ezample 3.20. Consider the ideal I = (fy, f) = (z* — x,2°). The GCD of f; and f, is . Since
fa — fi = x, x is also a member of I. In fact, we see that I = (). The fact that x is an element
of I cannot be derived via polynomial division of z by f; and f, since z is reduced with respect to

{f17f2}' A

3.2. Grobner bases

The following definition will allow us to more easily formulate some of the statements of this
section.

Definition 3.21. Let S C A. We define LT(S), the LEADING TERM IDEAL of S to be the ideal
generated by the leading terms of the elements of S so that

LT(S) = (LT(p) [p € 9).
We now have all the tools required to formulate the definition of a particularly “well-behaved” set
of generators of an ideal I that will allow us to algorithmically answer questions such as the one

regarding ideal membership. Firstly we show the equivalence of four statements to which we shall
adjoin one other later in this section.

Theorem 3.22. Let I be an ideal of A and G be a set of non-zero polynomials G = {g;,...,g9.} C I.
The following statements are equivalent:

(1) For all f € I such that f # 0, there exists i € {1,..., s} such that LM(g;) divides LM(f).
(2) f6[ifandonlyiff£>Jr 0.
(3) felifand onlyif f=73",¢;g; with LM(f) = max;(LM(g;) LM(g;)).

17
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(4) LT(G) = LT(I).

Proof. Assume (1) and let f € I. Then f £>+ r for some r reduced with respect to G by the
division algorithm of Theorem B9 so that f —r € I and f € I if and only if » € I. Hence if r = 0,
then f € I. Conversely, assume that f € I and r # 0. Since r € I, by (1) some LM(g;) divides
LM(r) which is a contradiction of r being reduced. This proves (1) = (2).

Assume (2) and let f € I. Then f N + 0 and by Theorem BTY, which is a reduction, we have

LM(f) = max (LM(g,) LM(g:).

so that (2) = (3).
Assume (3) and let f € I. Then, since f =", ¢;9;,
LT(f) = Z LT(q;) LT(gs).
LM(q;) LM(g;)=LM(f)

Thus LT(f) € LT(G) and since LT(I) is generated by the leading terms of the elements of I, we
have shown LT(G) D LT(I). The reverse inclusion is obvious. Hence (3) = (4).

Assume (4) and let f € I so that LT(f) € LT(I) = LT(G) and LT(f) = >, h; LT(g;). Thus every
term on the right-hand side is divisible by some LM(g;), ¢ € {1,..., s}, so that LM(f) is divisible
by some LM(g;). Hence (4) = (1). O

Definition 3.23. A subset of non-zero polynomials G = {g;,...,9,} C I satisfying any of the
equivalent conditions of Theorem B2 is said to be a GROBNER BASIS of 1.

Corollary 3.24. If G = {gy,...,9,} C I is a Grobner basis of I, then I = (g,...,9s).

Proof. The O statement follows from the fact that G is a subset of I. For the other inclusion,
f 55, 0if f € I by Theorem BZ2 so that I C (g, .., gs)- O

We see that a Grobner basis G C T generates the ideal I. Condition (2) of Theorem B2 then
exactly answers the question of ideal membership discussed above. In fact, we can extend this
statement in the following way:

Theorem 3.25. Let G be a Grobner basis. For all f € A, the remainder r obtained as f Ehr r,
where r is reduced with respect to G is unique.

Proof. Let f € A and let f N . rand f <, I ' using polynomial division for remainders r,r’
reduced with respect to G so that f —r, f —r' € I. Then (f —7') — (f —7) =r —r" € I is reduced
with respect to G. Unless r — r' = 0, this is a contradiction of statement (2) of Theorem B=Z2.
Hence 7 = 7’ and the remainder is unique. O

Remark. In fact, the converse of the statement is true for a set G = {gy,...,9,} of non-zero
polynomials. Hence the property of the polynomial division remainder being unique can be taken as
another condition equivalent to G being a Grobner basis and appended to the list in Theorem B=22.
This is not necessary for our exposition. For a proof, see [ATY4].

Having shown the beneficial properties of Grobner bases, we establish existence:
Theorem 3.26. Any non-zero ideal I of A has a Grébner basis.

Proof. Consider LT(I), the ideal generated by the leading terms of the elements of I.
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Let f € LT(I). Then
4
f= ZcihiXi
i=1

for some ¢ € N, some h; € A and the leading terms ¢; X; of some polynomials in I. Since every
term on the right-hand side is divisible by an X;, so is every term in f on the left-hand side.

By the Hilbert Basis Theorem (Theorem EZ20), LT(I) is finitely generated as an ideal of A, say
LT(I) = (f1,..., fn) for some n € N and f; € LT(I). Then every term in f; for ¢ € {1,...,n}
is divisible by some LT(g;), the leading term of some polynomial g; in I by the argument above.
Collecting these s leading terms and letting G = {gy,..., g5} we see that LT(G) = LT(I) so that
G is a Grobner basis of I by Theorem B=22. O

3.3. Buchberger’s algorithm

In order to make use of the useful properties of Grébner bases demonstrated in the previous section,
an algorithmic method of constructing a Grobner basis given a set of generators of an ideal [ is
needed. We begin by constructing a mechanism that accounts for cancellation of the leading terms
of two polynomials. This construction will turn out to have more important repercussions than
first may seem, as we shall see in Section .

Definition 3.27. Let f, g be two non-zero polynomials in A. We define L = LCM(LM(f), LM(g))
to be the least common multiple of the leading power products of f and g, respectively. The
S-POLYNOMIAL of f and g is then defined as

L

S(f,g9) = Ty

f_

L
TT(f) )Y

We now present another equivalent criterion for a subset G of I to be a Grdébner basis, given in
terms of the S-polynomials.

Theorem 3.28. (Buchberger’s criterion) A subset of non-zero polynomials G = {gy,...,g,} is a
Grobner basis for the ideal it generates if and only if

S(9i>95) i>+ 0 for all ¢ # j.

Lemma 3.29. Let {fi,..., f,} C A be a set of non-zero polynomials such that LM(f;) = X for
all i € {1,...,s} and some X € T". Construct for some coefficients ¢; € k, i € {1,...,s}, the
k-linear combination f =", ¢;f;. If LM(f) < X, then f can be written as a k-linear combination
of S(f;, f;) for 1 <i<j<s.

Proof. Let LT(f;) = a; X fori e {1,...,s}. We see that
X, X
X aX

J

S(fwfj) f]:lfl—aif]

a j
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We can write

s s s % i—1
1 1
f= E cifi = E Ciai;fi = E E Cja5 — E Cjayj ;fi =
i=1 i=1 g i=1 \j=1 j=1 g

s—1 A 1 s—1 1
= Z Zc chaj ( f1+1 fH_l) Z a; ;fs =
i=1 | \s=1 @it1 j=1 s
s—1 i A
1 1 1
= chaj (fz - fi+1) + csas—fs + M,
P = a; Git1 as
where
s—1 [ A 1 i s—1 i—1
M = cjaj ferl - ZC]G,] fz =
i=1 j=1 Qit1 i=1 j=1
s—2 [ [ i i s—1 s—1 [ [i-1 s—1
1 1 1 1
= cja; | —fiy1| + cja; | —fs — chaj —fi| = chaj — s
: : Git1 ; Qg : , a; : as
i=1 L 7=0 ] j=1 i=1 7=0 j=1
so that
s—1 7 1 1 s 1 s—1
f= chaj (fi - fi+1) + chaj —fs = Z Z S(fis fixa)s
i=1 =1 @i Qit1 =1 s i=1 \ j=1
= j= j= i= =
since the assumption was that c;aq + ...+ cya, = 0. O

We now prove Theorem BZR:

Proof. Let G' be a Grébner basis of (g1,...,95) = I. Then S(g;,9;) € I for all i # j so that
S(9:,95) £>+ 0 by Theorem B22.

For the converse statement, assume that S(g;,g;) §++ 0 for all ¢ # j and let f € I. Among the
representations of f as f = . h,;g;, choose one such that X = max;(LM(h,;) LM(g;)) is <-minimal
by Theorem B=1. We show that condition (3) of Theorem B22 is satisfied.

If LM(f) = X, we are done. Otherwise LM(f) < X. Denote by S the set of indices ¢ such that
LM(h;) LM(g;) = X and let LT(h;) = ¢;X;. Construct now g = > . ¢¢;X;g; and let r = f — g.
Then LM(X;g;) = X for i € S and LM(g) < X, fulfilling the conditions of Lemma so that we

can express g as
g= Z d;;S(X;9:, X;9;)
i<jes

for some coefficients d;; € k. Explicitly, LCM(LM(X,g;), LM(X;g;)) = X and

X X X X
75(91’39]’)7

LT(ngj) T LT () LT(gj) ! L;;

S(X.9:,X,9;) = m){i% -

where L;; = LCM(LM(g;), LM(g;)). Since we assume S(g;,9;) £>+ 0 for ¢ # j, using the same
sequences in the reduction yields S(X;g;, X,g;) £>+ 0 so that

S( i9is ]g] thkgk
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where, by the division algorithm (Theorem BT9),
max (LM(hijk) LM(gk)) = LM(S5(X;9:, X;9;)) < LOM(LM(X;g;),LM(X;g;)) = X.

1<k<s J J
From this, it is clear that
f=g+r= Z dijS(Xig:, X59;) + Zaigi = Z dij Z hijrgr + Zaigi = Z bigi
i<jes i i<jes k i i

gives a representation f = 3 . b;g; where LM(b;) LM(g;) < X for all 7 € {1,..., s}, contradicting
the minimality of the representation chosen above. Therefore LM(f) = X and we are done. O

From Theorem an algorithm for computing a Grobner basis given an initial set of polynomials
generating I can be naturally formulated.

Proposition 3.30. (Buchberger’s algorithm) Given a set F = {f,...,fs} C A of non-zero
polynomials, let G = F and collect the pairs {f,g} for f,g € G such that f # g. Define the
following algorithm:

1. Remove a pair {f, g} from the set of pairs and let S(f,g) £>+ h so that h is reduced with
respect to G

2. If h # 0, add all pairs {u, h} for u € G to the set of pairs, add h to G and reiterate.

This algorithm terminates in a finite number of steps and produces a Grébner basis G for the ideal

I:(flv"'vfs)‘

Proof. Assume that the algorithm does not terminate. Then in the ith iteration the algorithm will
produce a set G, such that G; C G;;; by adding to G; an h, that is reduced with respect to G;.
That is, no term in h; is divisible by any LT(g;) for j € {1,...,s;}. In particular, LT (h;) ¢ LT(G;)
so that we obtain a strictly increasing chain of leading term ideals

LT(G,) € LT(G,) C LT(Gs) & -+ -,

contradicting the Noetherianity of A by the Hilbert Basis Theorem (Theorem 220).

For any g;,9; € G, S(9:,9;) E>+ 0 so that G = {gi,...,9:} is a Grobner basis of (gq,...,9:)-
Evidently, F C G so that (f,...,fs) € (g1,-.-,9:). Any h; added to G; in the ith iteration of
the algorithm is certainly in (fi,..., fs) so that I = (fq,...,fs) = (91,---,9:) and G is a Grébner
basis of 1. O

Ezample 3.31. We now return to the example 2274 from section P23 with the circle and ellipse
described by the equations 2+ y2 =1 and %:132 + 3y2 = 1. Consider the ideal (z2 + y2 -1, %xZ +
3y®> — 1) under a lex ordering with z > v.

Let hy = 2> +y* — 1 and hy = %xQ +3y> —1and G, = {hy, hy}.

Construct S(hy, hy) = —%y2 +%. Then S(hy, hy) is reduced with respect to Gy. Set S(hy, hy) = hs
and let Gy = {hq, ho, hs}.

Construct S(hy, hy) = —%532 - §y4 + §y2. Then S(hq, hs) %—&- 0.

Construct S(hy, hy) = —22% — 8y* + 5y°. Then S(hy, hy) 2 0.

Thus G, is a Grobner basis for the ideal. A
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3.4. Uniqueness, some examples and applications

Proposition 3.32. Let G = {g;,...,9s} be a Grobner basis for an ideal I. If LM(g,) divides
LM(g;), then {gs,...,9,} is a Grobner basis for I.

Proof. We use the first condition of Theorem B22. Let f € I be a polynomial such that LM(g,)
divides LM(f). Then LM(g,) divides LM(f). O

Definition 3.33. A Groébner basis G = {g,...,g,} is said to be MINIMAL if LC(g;) = 1 for all i
and no LM(g;) divides LM(g;) for i # j.

Remark. A minimal Grobner basis is only minimal in the sense that no leading terms of basis
elements divide one another. A further restriction on a Grébner basis yielding a generating set of
minimal cardinality will be given below as terming the Grébner basis reduced.

The following lemma will be useful in showing the uniqueness of a certain type of Grobner bases
to be defined shortly.

Lemma 3.34. If F' = (f,..., f,) and G = (g4,...,9;) are two minimal Grébner bases of I, then
s =t and LT(f;) = LT(g;) after renumbering.

Proof. Since f; € I, there exists an ¢ € {1,...,t} such that LM(g;) divides LM(f;). Reorder G so
that ¢ = 1. Since g; € I, there exists j € {1,...,s} such that LM(f;) divides LM(g;). But then
LM(f;) divides LM(f;) and F'is minimal, so j = 1 and LM(f;) = LM(gy).

Since f, € I, there exists ¢ € {1,...,t} such that LM(g;) divides LM(f;) and ¢ # 1 since F
is minimal. Reorder G so that ¢ = 2. By the same reasoning as above, LM(f;) = LM(gy).
Continuing this process until all elements of F' and G have been considered, we arrive at the
conclusion |F'| = s =t = |G| and LT(f;) = LT(g;) after renumbering. O

We can now formulate a restriction on a Grobner basis for an ideal I so that I can be uniquely
described by a Grébner basis of this type.

Definition 3.35. A Grobner basis G = {g;, ..., g5} is said to be REDUCED if LC(g;) = 1 and g, is
reduced with respect to G \ {g;} for all 1.

Remark. In particular, a reduced Grobner basis is minimal.
What follows is a method for constructing a reduced Grébner basis for an ideal, showing existence.

Proposition 3.36. Given a minimal Grobner basis G = {g;,...,95} of an ideal I, define the
following algorithm for i € {1,...,s}:

1. Construct H,L = {h‘17 sy hi717gi+1? e 795}

2. Obtain h; by g; ﬂu_ h; so that h; is reduced with respect to H;.

This algorithm yields a reduced Grobner basis H = {hq,...,h,} for I.

Proof. Since G was minimal, the leading term of every g; will be in the output of the reduction,
h; so that LM(h;) = LM(g;) and H is a minimal Grébner basis by Theorem B=22.

Furthermore, since h; is reduced with respect to H;, no term in h; is divisible by any of the terms

{LM(hy), ... aLM(hi—l)vLM(gi+1)a -, LM(gs)} = {LM(g1), . - 7LM(91‘—1)7LM(9¢+1)7 .., LM(g4)}
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so that h; is indeed reduced with respect to G \ {g;} and H is a reduced Grébuer basis of 1. [

Example 3.87. Returning to the circle and ellipse of the examples 224 and BZX1 we will now present
a reduction. Multiplying to get monic leading terms, set G3 = {x2 + y2 -1, 22+ 9y2 -3, y2 —1/4}.
Since LT(g;) = «° divides LT(gy) = 2°, we can discard the middle polynomial and set G, =
{x2 +y?—1,9° — %} This is a minimal Grobner basis. Continuing our reduction,

2 2_1 Gy~{hi} +172 i

" +y

No further reductions can be made and we have the reduced Grobner basis G = {g1, go} with
g =y’ —1/4
go = 2 — 3/4.
A

Theorem 3.38. (Buchberger) For a fixed term order < on T", every non-zero ideal I of A has a
unique reduced Groébner basis with respect to <.

Proof. Assume that G and H are two reduced, and thus minimal, Grébner bases of I. Then
|G| = |H| = s and we can assume LT (g;) = LT(h;), ¢ € {1,...,s}, by Lemma B=34.

For such an 4, assume that g; # h;. Then g; —h; € I and so there exists j such that LM(h;) divides
LM(g; — h;) (since H is a Grébner basis of I), so that LM(h;) < LM(g; — h;) by Lemma B@. Since
LM(g; — h;) < LM(h;), we can state that j # i. Then LM(h;) = LM(g;) divides some term in h;
or g;, contradicting the reducedness of G and H. Hence g; = h;. O

3.5. Another example: the elementary symmetric polynomials

A polynomial which is invariant under permutation of the variables is called symmetric. The
polynomial 22+ Ty + y2 is an example of a symmetric polynomial in x and y. These polynomials
appear naturally in the study of roots to polynomial equations and in Galois theory. The theory
of symmetric polynomials is also deeply interconnected with other areas of mathematics, such as
representation theory and combinatorics. In some sense, the most simple symmetric polynomials
are the elementary symmetric polynomials, defined as follows.

Definition 3.39. The kth elementary symmetric polynomial in n variables is defined by
O—k,n: Z .lex]2x]k
1<, <...<jp<n

Ezxample 3.40. For one variable, n = 1, the elementary symmetric polynomials are

0'1’1 = 7.
For n = 2,
012 =T1 + g
0'272 = xll’z.
For n = 3,

01,3 Ty + To + T3
023 = T1Tg + T1T3 + T3
0'3,3 = XT1T9x3.
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The symmetric polynomials in any commutative polynomial ring constitute a ring (see [BWU3]
for reference) that is customarily denoted by R[zq,... ,xn]s . Clearly the elementary symmetric
polynomials all lie in this ring - in fact, every symmetric polynomial can be written as a polynomial
in the elementary symmetric polynomials. A well-known result called the fundamental theorem of
symmetric polynomials captures this fact.

Theorem 3.41. (Fundamental theorem of symmetric polynomials) For a commutative ring R,
the ring of symmetric polynomials in n variables is isomorphic to the ring of polynomials in the

. . S . .
elementary symmetric polynomials: R[xy,...,2,]° = R[y,,...,¥,], where the isomorphism sends
any o, , to y;. That is, any f € R[zy,...,2,]” can be written as f = g(0y,,...,0,,,) in a unique
way for a g € Rlyq,..., Yy

Proof. This can be shown with the theory of term orders, as is done in for example [BWY3| or
[CLOO7]. It can also be proven via Galois theory, for which we refer the reader to [IDF04]. O

Let us now again consider the ring k[z, ..., z,]. Since a Grobner basis will give us computational
benefits and possibilites, we intend to present a Grobner basis (for the lex ordering z,, > x,,_; >
--» > xp) for the ideal generated by the elementary symmetric polynomials, (o1 ,,,...,0, )

Definition 3.42. We define the complete symmetric sums hg ,,, by

hagm = E it apr.
a4ty =d

Definition 3.43. We define the grébnerian symmetric sums g4, by
9d,n = hd,n—d+1-

Ezxamples 3.44. For one variable, n = 1, we have

g1,1 = <.
For n = 2, we have

g12 = 9024' Y

922 =2 .

For n = 3, we have
g13=2+y+=z
92,3:$z+$y+y2
g33 =2 .

Proposition 3.45. The formula

d—1
d k
Oqn + (=1)%gan + Z(*l) Ik nTd—kn—t =0 (1)
=1

holds. This is proven by elementary inductive techniques in [MS03]. This formula can be considered
a late addition to the well-known and similar Newton-Girard identities (see [Mead?]).

Proposition 3.46. (g ..., 9n.n) = (01,...,0,).
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Proof. This proof is a slight simplification of a more general result for other families of symmetric
functions shown in [MS0O3].

First, we can rewrite (I) on the following form, with ¢, = (—1)k+1ad_k7n_k for k < d—1 and
d+1
Cq = (—1) .

d
Odn = E :ngj,n
j=1

and directly note that the inclusion (o4 ,,,...,0,,) € (91,--.,9y) holds.

Second, we will show the other inclusion by induction. For the base case, we note that g; € (g7) =
(o1). Now assume that {g1,...,9;_1} C (01,n,---,05_1,n)-

Rearranging (I) it is clear that g; € (g1,...,9j-1,7,n) € (01,0, ..,0;,), proving the equality. [

Corollary 3.47. Since LT(gy,,,) = xﬁ_kﬂ, and in particular since LT(gj,) does not divide LT(g;)
for j # k, the set {g, ,} gives a Grobner basis for the ideal generated by the elementary symmetric
polynomials. Since the g; are monic and no leading term of any g; divides any of the terms of
another, the basis is also reduced.
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4. Modules and Grobner bases

We continue to follow the exposition and definitions of [ATY4], unless otherwise specified. Some
steps in proofs have been elaborated upon for clarity.

4.1. Modules: some definitions

Modules were introduced by Emmy Noether as a common generalization of ideals and vector spaces
and are now one of the standard tools used in algebra. In this chapter we present the basic theory of
modules, many of these definitions closely following the ring properties treated in earlier sections.
In the following section we present a natural generalization of Grébner theory to submodules of
modules over polynomial rings. This extension has become standard and can be used to prove
some previously non-constructive results in a constructive way.

Definition 4.1. Given a commutative ring R, an abelian group (M, +) and an operation Rx M —
M, M is said to be an R-MODULE if for all m,n € M and r,s € R,

e rflm+n)=rm+rn

e (r+s)m=rm+ sm

e (rs)m = r(sm)

e lpm=m.
Remark. If k is a field, a k-module is called a vector space.

Definition 4.2. A subset N C M that is in itself an R-module is said to be a SUBMODULE of M,
written N < M. If furthermore every n € N can be written as n = rja; + ... + ra, for r; € R,
the GENERATING SET {a;,...,a,} C N and i € {1,...,t}, we say N is FINITELY GENERATED. We
then write N = (a,...,a;).

Definition 4.3. A module is said to be FREE if there exists a generating set or basis B C M such
that every element m € M can be written as a finite sum

S
m = Z Tibi
i=1
in a unique way with coefficients r; € R and basis elements b; € B.

Example 4.4. The polynomial ring A is in itself an A-module with the usual multiplication between
elements of A. Considering A as an A-module in this sense, we will denote it by A'. The submod-
ules of A' are then exactly the ideals of A, closed under multiplication by elements of A. A basis
for A is the set {1}, so A" is free. A

Definition 4.5. A HOMOMORPHISM (of R-modules) is a function ¢ : M — M’ between two R-
modules M, M’ such that:

o Additivity: for all m,n € M, ¢(m + n) = ¢(m) + ¢(n).

e Compatibility: for all m € M and r € R, r¢(m) = ¢(rm).
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A bijective homomorphism is said to be an ISOMORPHISM. Importantly, any homomorphism factors
through an isomorphism:

Theorem 4.6. (The first isomorphism theorem for modules) For any homomorphism ¢ : M — N
the kernel ker ¢ is a submodule of M, the image im ¢ is a submodule of N and we have an
isomorphism:

M /ker ¢ = im ¢.

We now introduce the analogue of Definition P18.

Definition 4.7. A module M is said to be NOETHERIAN if every submodule N < M is finitely
generated or, equivalently, if for an ascending chain of submodules N; < M

Ny CNy C Nz C--v
there exists n such that for i > n, N, = N,,.

Let now A = k[zy,...,z,] and consider for s € N the cartesian product A°. We denote an element
m € A° by m = (my,...,m,) (this is not to be confused with the notation used for a finitely
generated ideal). Then A*® with the following notion of scalar multiplication A x A% — A®:

pm = p(m17 e vms) = (pm17 LR 7pms)

is a free A-module with the finite standard basis {e;};—;, where a basis element e; is zero at all
components except for being 1 at its ith component. Abusing terminology we sometimes call an
element m € A® a vector, despite A® not being a vector space (since the ring of scalars k[z1, ..., z,]
is not a field).

We observe that for a homomorphism between free A-modules, the map is defined by the images
of the standard basis vectors of A°, that is, by ¢(e;) € A" for i € {1,...,s}. Therefore we can
express ¢ in terms of matrix multiplication by the matrix that we will also refer to as ¢ by abuse
of notation, ¢ : m — (¢(e1) e (;S(es)) m = ¢m.

The Noetherian property of A as a ring allows us to show the following generalization of the Hilbert
basis theorem (Theorem 220):

Proposition 4.8. A° is Noetherian.

Proof. Let M < A°. We show that M is finitely generated by induction on s.

If s =1, then A° = A* and M < A. By Theorem P20, A is Noetherian as a ring and thus M is
finitely generated.

Assume for the inductive step that s > 1 and that the submodules of A*~" are finitely generated.
Then
I ={a € A|a is the first coordinate of some m € M}

is an ideal of A, since M is a submodule of A°, and is finitely generated by the Hilbert basis
theorem so that I = (ay,...,a,). Associate to each a; its element m; € M as in the definition of
1.

Let now
M':{(bg,...,bm)\(O,bQ,...,bm) e M}.

Evidently M’ < A°! and is thus by induction finitely generated, M’ = (n},...,ny). For i €
{13 cee 76}7 let n; = (0,71;71, ce 7”2,3—1)'
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For m € M, we have that m; = ), r;a; for some r; € A and ¢ € {1,...,t}. Furthermore, let
m' =m— Y, 7;m,;. Then m' € M and m} =0, so that m' = >, p;n;. Hence

¢ ¢
m = § Ty + § piny,
i=1 i=1

so that M = (m,,...,m;,n;,...,n,) and is finitely generated. O

Proposition 4.9. Given a finitely generated A-module M, there exist s € N and a submodule
N < A? such that
M = A®/N.

In particular, M is Noetherian.
Proof. Let M be an A-module and {m,};—; € M. Then the following map is a homomorphism:
o : A® M

%
s
(ala"'vas) = Z a;m;
i=1

In particular, if {m;} is chosen to be a generating set for M, ¢ is surjective. The conclusion follows
from Theorem E.

The second assertion follows from the fact that if K < M = A°/N, then K = L/N for some
L < A®. By Theorem B, L is finitely generated and hence so is L /N, so that every submodule of
M is finitely generated. O

Definition 4.10. If M is an A-module such that M = A®/N as in Proposition B9, then A°/N is
said to be the PRESENTATION of M.

Ezxample 4.11. Consider the ground field k£ as an A-module with the following scalar multiplication:

Axk — k
(p,r) = CT(p)r.

In order to present k as an A-module, we construct a surjective homomorphism ¢ : A — k such
that 1 — 1 and z; — 0. Then ker¢ = (z;,...,x,). Then, by the isomorphism theorem EB we
obtain k = A/{xq,...,x,). A

Proposition B9 allows us to describe any finitely generated A-module in terms of the quotient of a
free module with some submodule of said free module. This, together with the above mentioned fact
that homomorphisms between free A-modules are easily described will allow for the computation of
free resolutions in Section E=3 and the formulation of methods for explicit computations of objects
such as the set of homomorphisms Hom between two arbitrary A-modules in Sections B3 and B3.

4.2. Grobner formulation in A°

This section defines the machinery which will enable us to obtain a Grébner basis theory with the
theory presented in Section B obtained as a special case. To this end we require some definitions
to be made so as to have meaningful analogues of concepts such as divisibility. For results that
are straightforward analogues of their Al counterparts we omit proofs and refer to the original
result proved in Section B, replacing arguments using the Hilbert basis theorem (Theorem 221)
with Proposition EZS.
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Definition 4.12. A TERM in A® is a vector of the type X = cXe; for a coefficient ¢ € k, some
power product X € T" and a basis vector e; € A%, i € {1,...,s}. If ¢ = 1 we say that X is a
MONOMIAL in A*. For two terms X = cXe,, Y = dYe; we say that X divides Y if and only if
i =j and X divides Y as a monomial in A. We define Y/X = (d/c)(Y/X).

We now need a way to compare two vector monomials. To this end we extend the definition of
term orders to A® and state the term order most often used in this setting. As in the case of s = 1,
any term order on the monomials of A® satisfying the following definition will be a well-ordering (a
direct analogue of Theorem BZ7). Abusing notation, we will denote a generic term order defined on
A® as < for simplicity, distinguishing it from the term order < defined on A only when necessary.

Definition 4.13. A TERM ORDER < on the monomials of A® is a total order < that satisfies for
all monomials X,Y € A°:

e X < ZX for all power products Z # 1 in A
e If X <Y, then ZX < ZY for all power products Z in A.

Definition 4.14. The TERM OVER POSITION (TOP) term order on the monomials of A® with
e < ey < --- < e, is defined as follows: for monomials X = Xe;, Y = Ye; in A® and a term
order < defined on A, we have that

X<Y << (X<Y)or (X=Yandi<j).
In other words, this term order compares two vector terms by their A-monomials and breaks a tie
by comparing indices of their respective basis vectors.
Ezxample 4.15. With TOP lex, z; > x5, and e; < e,, we have

€] < ey < Toe; < ITgey < IT1€; < I€s.

The following definitions echo their counterparts in A:

Definitions 4.16. Given a term order < on the monomials of A® and a vector f € A®, we define
the following:

LT(f) = aX is the LEADING TERM of f

LM(f) = X is the LEADING MONOMIAL of f
e LC(f) = a is the LEADING COEFFICIENT of f

e For two monomials X = Xe; in A®, Y = Ye;, we define the least common multiple

- 0 T
LCM(X7Y>—{ LOM(X,Y)e; if i—j

e Given a submodule M < A°, LT(M) = (LT(m)|m € M) < A® is the LEADING TERM
MODULE of M.

Ezample 4.17. Let £ = (2z + y,3x) € A? with TOP lex, z > y and e, < ey. Then LT(f) = 3ze,,
LM(f) = zey; and LC(f) = 3. Furthermore, the leading term module is given by LT({f}) =
A

((0,32)).
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Proposition 4.18. The division algorithm in A® mirrors the single-dimension case of generalized
polynomial division exactly in that, given f and a set F' = {f;,...,f,} C A® one obtains quotients
q1,-..,q € A and a remainder r € A® which is reduced with respect to F'. One can thus write

f=qfi+...+qf, +r.

Before moving on to the definition of Grébner bases and its application for more general purposes
in Section B33 we consider the analogue of a particular aspect of the conventional theory - the
S-polynomials - which, as we shall see, play a particular role in the module theory.

Definition 4.19. Given a Grébner basis G = {g;,...,g;} of some submodule M < A®, assuming
that LC(g;) = 1 and letting LT(g;) = X, for i € {1,...,t}, let X;; = LCM(LM(g;), LM(g;)) and
define

X. g — Xlgj-

4 J

S(gw g]) =
We can finally define the following, noting that the Buchberger algorithm given in Proposition B30
is completely equivalent,

Definition 4.20. A GROBNER BASIS for the submodule M < A is a set of non-zero vectors
G={g,...,8} C M satisfying any of the following equivalent conditions:

1. For all f € M such that f # 0, there exists ¢ € {1,...,t} such that LM(g;) divides LM(f).
2. fe M if and only if £ <, 0.

3. If f€ M, then f =), h;g; with LM(f) = max,;(LM(h,) LM(g;)).

4. LT(G) = LT(M).

5. 5(g;,8;5) £>+ 0 for all 4 # j.

Remark. Continuing the terminology from the case of A, calling this object a Grébner basis has
nothing to do with the notion of basis of a free module as in Definition 2=3.

The uniqueness of remainder after polynomial division with G as well as the results on existence
. .. 1
and uniqueness of Grébner bases also carry over from A".

4.3. Syzygies

In Section BT we saw that an arbitrary finitely generated A-module M could be presented by
letting M be the image of a homomorphism from a free module. We now define a particularly useful
concept that will allow us to describe kernels of such homomorphisms, crucial for computations in
modules:

Definition 4.21. Let {f},...,f,} € A™. Then constructing a homomorphism
o: A® — A™

S
(al,...,as) — Zaifi,
i=1

the kernel of ¢ is a submodule of A® and is said to be the SYZyGy MODULE of (f; --- f) € A™,
Syz(fy,...,f,) = ker ¢ < A®. We refer to the elements of the syzygy module as syzygies.
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This is exactly the set of polynomial solutions (hy,...,h,) € A° to the following homogeneous
linear equation with coefficients in A™:

f1h1+...+fshs :0,
i.e. the set of linear dependences of the generators of M.

Remark. A result that is not used in this text but is nevertheless of interest is that given two
ordered generating sets F' and G of the same A-module M, there exist free A-modules L, L’ such
that Syz(F) @ L = Syz(G) @ L'. The full statement and proof can be found in, for instance,
[(:‘,L(:)U.ﬁ] .

Ezample 4.22. The ideal (z,y) of A = k[x,y] can be regarded as a submodule (z,y) of A'. For the

generators x,y the linear combination ax + by is zero if a = cy and b = —cx for some element c.
Thus (y, —x) € A? is an element of the syzygy module Syz(z,y). In fact, it is a generating element,
so that Syz(z,y) = ((y, —x)). A

We shall now see the role that S-polynomials play in terms of syzygies the Grobner basis G:

Proposition 4.23. Let G = {g;,...,8,} € A™ be a Grobner basis of a submodule M < A™.

By condition (5) of Definition E18, S(g;, g;) £>+ 0 for i # j, so that S(g;,8;) = >_; hi;rgy for
hijr € Aand k € {1,...,t}. Define

Xy Xy (h hii) for 1<i<j<t
SZ": ei— e, — Gl e e Vgt or S 1 J St
17X, T X, J

Then H = {s;; |1 <i<j <t} C A" is a generating set for the syzygy module Syz(G).

Lemma 4.24. Let X,..., X, be monomials in A™ so that X; = X;e; for some j € {1,...,m}.
Then

ij € {1,...,5}}
is a generating set for the syzygy module Syz(X,,...,X,).

Proof. First, for i # j, note that (Xl XS) C,; = 0, mirroring the property of the original
S-polynomials in A so that (C) C Syz(X4,...,X,).

Let h = (hy,...,hy) € Syz(Xy,...,X,) < A®. We write the ith polynomial component of the
syzygy h as the sum of its terms h; = Zj deé.

Then
(Xl Xs)h:h1X1+...+hsxs:b1Y1+...+waw:0,
where the Y, are all of the w distinct monomials appearing on the left-hand side. Note that b, = 0

for all i. Fix such a Y; for some i € {1,...,w}.

Then

bY, =Y diX;X;=|> d;|Y;=0,
J J

where the index j ranges over some J; C {1,...,s} such that max(J;) = t;. Every summand
above is of the form d;—X;—Xj = d;—Yi, where d;—XJ/- is a term in some component of the syzygy h.
Note that since we had written the kth syzygy component hj; as a sum of distinct terms, it can
contribute at most one term d’ X’ such that X'X, = Y, to the sum b;Y;. Furthermore, every term
d' X' of every syzygy component h occurs in some term b Y for i'e{1,...,w}.
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Return to our previously fixed i € {1,...,w}. Define a vector h' so that its mth component is
either h!, = d,, X, if h,, contributes to the sum b,Y; or h., = 0 otherwise. Then

w
(X; -+ X,)h'=bY;=0 and h=> h"
i=1
Using a technique from the proof of Lemma B29,

h' =) djXje; = d;;;ej =

Jj€J; Jj€J;

_ Z [(Z d') Y; (ij'e_ _ ijle ,>
y ,
& X \ X Xy

Y;
+ Z d; z eti =

3.3 €Ji~{t:} JET;
= > Gy
33" €Ji~{t;}
sothat h=>)", h' = Zj’j/ q;;,C,; and (C) 2 Syz(Xy,... ,X,), completing the proof. O

We now prove Proposition B=23.

Proof. We can assume without loss of generality that LC(g,;) =1 for all ¢ € {1,...,t}.

Firstly,

i

t
= 5(gi8;) — Zhijkgk =0,
k=1

so that (H) C Syz(g;,...,8:)-

Assume, in order to get a contradiction, that U = Syz(g;,...,8;) ~ (H) # &. Select thenau € U
such that X = max; (LM(u;) LM(g,;)) = max; (LM(u;)X;) is <-minimal by the term order being a
well-ordering.

Denote by S the set of indices i such that LM(u;)X; = X. Define now w; for each i € {1,...,t} as
u =, if i ¢ S and u; = u; — LT(u;) = u; — ¢, X for i € S. Since u € Syz(G), we necessarily have
Y ics ¢ X{X; = 0sothat 3. ¢ c; X/e; is a syzygy of the monomials {X; |i € S}. By Lemma
we can then write

i€S
X X

Zc;Xéei = Z Dij ( le e; — XZJ ej)

J

for some polynomials p;; € A. By observing the left-hand side, we see that every coordinate of the
vector contains a single term. We can then choose p;; = d;;X/X;; for some constant d,; € k since

X = X;X,. Rewriting u, we have

X X,
(ul,...,ut):chXz{ei—F(u/l,...,u;): szj<)(we"_)(wej>+(ullv7u;)_
i€S i,jES v J
= Z DijSij + Z Pij(Pijis -5 hije) + (U, uy) = Z PijSij + (V1 0p).
i,jES i,jES i,jES
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By the assumption, u,s;; € Syz(G) and u ¢ (H), so that v = (vy,...,v;) € Syz(G) ~ (H). We
will obtain a contradiction by showing that max; (LM(v,)X,,) < X. For each k € {1,...,t},

i,j€S '

Firstly, LM (u},)X, < X by construction. Secondly, with p;; = d;;X/X,;; as noted above, we have
for 4,7 € S that

X X
LM(p;;) LM (hijp,) Xy, = X LM (P, ) X = X LM (hjp,) LM(gy,) <
i i
X X
< 5 LM(S(gi, 85)) < 53— LOM(LM(g;), LM(g;)) = X,

so that LM(v,,)X,, < X. Hence max,(LM(v;,)X;,) < X, contradicting the minimality of the choice
of X above. Thus (H) 2 Syz(g;,...,8;:)- O

We now have a tangible way of describing the syzygy module Syz(G) of a Grobner basis G by
computing the s;; through reduction of the S-polynomials. One could then imagine computing the
second syzygy module of G, that is, the relations between the generators of Syz(G), necessitated
in the computations of free resolutions in Section B2. To apply the theory above, one would first
have to compute a Grobner basis of Syz(G) applying Buchberger’s algorithm. There is in fact a
more refined method which we shall state below. First, we define a technical result that will also
be used in the proof of the Hilbert syzygy theorem of Section Z4.

Proposition 4.25. Given a set of non-zero vectors G = {g;,...,8,} € A" and a term order <
on the monomials of A™, the following is a term order on A":

Xe; <Ye; < (LM(Xg;) <LM(Yg;)) or (LM(Xg;) =LM(Yg;)and j <i).
This is said to be the term order < on A® INDUCED BY G.

Proof. Let Xe; and Ye; be two monomials in A'. We verify that < satisfies the conditions of
Definition B—T3.

If i # j, then since < is a total order,
(LM(Xg;) =LM(Yg;) and (i<jorj<i)) or
(LM(Xgi) < LM(ng) or LM(ng) < LM(Xgi))

so that either Xe; < Ye; or Ye; < Xe;. If i = j and X # Y, then either LM(Xg,) < LM(Y'g;)

or LM(Yg,;) < LM(Xg;) since the elements of G are non-zero. Hence < is a total order.
Let Z € T" such that Z # 1. Then LM(Xg;) < ZLM(Xg;) = LM(ZXg;), so that Xe; < ZXe;.
Assume now that Xe; < Ye; and let Z € T". We wish to show ZXe; < ZY'e,.

IfLM(Xg;) < LM(Yg,), then LM(ZXg;) = ZLM(Xg,) < ZLM(Yg,) = LM(ZYe;) and ZXe; <
ZY—e_7
Otherwise LM(Xg;) = LM(Yg;) and j < i, so that LM(ZXg,) = ZLM(Xg;) = ZLM(Yg;) =
LM(ZYg;) with j < i, so that ZXe; < ZYe;. O

The following result is due to Schreyer ([CLODG]). For clarity, we will write LM when comparing
monomials using the term order on A, LM_ when comparing using a term order < in A™ and
LM_, when using the induced order < on the monomials of A*. We shall return to this notation in
later proofs that require paying particular attention to the term orders involved.
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Theorem 4.26. (Schreyer) Given a Grobner basis G = {g;,...,g,} C A™, theset H = {s;; |1 <
i < j <t} is a Grobner basis for Syz(G) with respect to the term order < on A" induced by G.

Proof. Assume that LC_(g;) = 1 for all j € {1,...,t}. We first prove that the leading monomial
of s;; with respect to < is LM.(s;;) = (X;;/X;)e; for 1 <14 < j <t. Firstly,

oM (g Y —pa (Rig ) —x that ~He < i i < j
<\ X, 8| = < X; g; | = A4; SO tha X, €; Yiei since ¢ < j.
Consider now a monomial in (f;j1, ..., h;j;;) of the form Xe,. Then from the definition of G being a
Grobner basis, maxy, (LM(hijk) LM<(gk)3 =LM_(S(g;,g;)) so that LM_(Xg,) < LM (S(g;,8;))-
Then

_ Xij Xij
LM_(Xg,) < LM<(S(gi,gj)) < X;; = LM, fgi and Xe; < X, e;.
3 3

Hence LM (s;;) = (X;;/X;)e;.

Let now s € Syz(G) < A’. We wish to show that H satisfies condition 1 of Theorem E=20, i.e. that
there exist 4,5 € {1,...,t} such that LM_(s;;) divides LM _(s).

Write s = ), prey, for polynomials p;, € A and let LT (p) = ¢, Y). Then for the leading monomial
of s with respect to <, we have LM_(s) = Y;e; forani € {1,...,¢}. Fixthisiandlet S; C {1,...,¢}
be the set of indices k such that LM_(Y,g,) = LM_(Y;g;). Then for all k € S;, k > i from the
definition of <.

Since s is a syzygy of G, we have (gl gt) s = 0 and the coeflicient of every term on the
left-hand side is 0. In particular, the coefficient of LM_(Y;g;) is 0, so that the construction
s = Zkesi cLYrey is a syzygy of LT _(g;),...,LT.(g,), that is, (LT<(g1) B LT<(gt)) s’ =0.

Then by Lemma B—24, the syzygy s is in the module generated by C' so that

X X, .
= Y ( e - R ek,)
kk'es;
for polynomials p,, € A. Since LM_(s') = LM_(s) = Y;e; and k > i for k € S; \ {i}, we have
that

X,
c;Yie; = LT (s') = Z . LT(pik)feiv
keS;~{i}
LM(pig) Xk / Xp=Y;
so that there exists an index j € S; \ {i} such that (X;;/X;)e, = LM(s;;) divides the leading

term of the syzygy LM_(s') = LM_(s’). Hence H is a Grobner basis of Syz(G). O

We now move on to some computations in module theory that will make use of the above results.

4.4. Free resolutions and the Hilbert syzygy theorem

For the rest of the text, we will be dealing with sequences of module homomorphisms. We introduce
the common compact way of writing down such information in homological algebra:

Definition 4.27. Let M* be A-modules. A (possibly infinite) sequence M® of A-module homo-
morphisms ¢;

MO&M1g~~-%1Miﬂ...¢SlM"
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is said to be EXACT AT POSITION i if im ¢; _; = ker ¢p;. If M*® is exact at all i € {1,...,n— 1}, it
is said to be an EXACT SEQUENCE.

Ezample 4.28. The statement that the sequence
0— M -5 M

is exact is equivalent to stating that ¢ : M — M’ is injective, since exactness means im 0 = 0 =
ker ¢. Similarly, ¢ : M — M’ is surjective if and only if the sequence

M5 M =0
is exact since exactness means im1) = ker 0 = M. A

Recall from Lemma B9 that an arbitrary finitely generated A-module M taken as the image of a
homomorphism ¢, has a presentation, i.e. we have M = A% /M, for a s, € N and some submodule
M, < A% the kernel of ¢, i.e. the syzygy module of the generators of M. This corresponds to
the exact sequence

0 — My 2% A% 2o 0 — 0,

where ¢ is the inclusion map. We can then find an analogous presentation for M, as a quotient
of some free module A®' with some submodule M; (the second-order syzygy module, i.e. the
relations between the generators of the first syzygy module), etc. Repeating this process we
obtain a succession of presentations of modules and composing appropriate homomorphisms we
can construct the following diagram:

\/
/\
\/ \/

/\ /\

Taking the horizontal sequence of maps, we see that we have in a sense decomposed (resolved) M
by the free modules A%.

Definition 4.29. An exact sequence M* of the form
= A AT 5 A S M — 0

for an A-module M and free A-modules A* is said to be a FREE RESOLUTION of M. If furthermore
M?* is finite and for all i > n, A% =0, it is said to be of FINITE LENGTH n.

Ezample 4.30. Consider Example B for n = 2 with A = k[z, y]. By Lemma we can see that
the first syzygy module is given by

Syz(ker ¢) = Syz(x,y) = <a;;:ye1 — CZye2> = ((y, —x)).
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This can be reached by a homomorphism of A; and its kernel, the second syzygy module Syz((y, —x)),
is trivial. Thus the following finite free resolution is obtained:

Fy Fy

with the maps given by

A
Ezample 4.31. Consider Example -1 with n = 3. We obtain the resolution
O Al Fl AS F2 AB F3 Al ¢ k O
where the maps are given by
z -y —2 0
Fi=1|-y]|, = T 0 -z, F3:(33 Y z)
T 0 T Y
AN

Ezample 4.32. In a similar vein, consider the ideal of symmetric polynomials, (oy,05,05) in A =
k[x,y, z] as defined in B. We obtain a free resolution of the form

0— Al i AS i A3 — <O'1,0'2,0'3> — 0.

with
23 0 r+y+z y2+yz+22
B, = —y2—yz—z2 ) By=| —z—y—=z —xz—yz—22 —y2z—yz2
rT+y+z zy +xz+yz :r22+y22 y222

Disregarding the sign of the middle row, the 1-by-3 matrix B; contains exactly the Grobner basis
for the ideal as presented in B=3. A

Remark. The curious reader will probably notice from the examples above that the dimensions of
the free modules in the resolution of k for the polynomial ring of n variables bear resemblance to
the (n + 1)th row of Pascal’s triangle. Indeed, this is not a coincidence but rather a consequence
of deeper results on Hilbert functions, Betti numbers and Euler characteristics. Further exposition
is beyond the scope of this text and can be found in, for example, [EisO3F].

For the example with symmetric polynomials, the observation is related to the algebraic indepen-
dence of the polynomials and the fundamental theorem of symmetric polynomials BZ1. Again,
this topic is beyond the scope of this text. A detailed presentation can be found in [CLOD7].

We now stand ready to formulate a fundamental result in commutative algebra. Using the Grébner
basis machinery developed in this section we will be able to give a constructive proof of this result
for the case of A-modules.

Theorem 4.33. (Hilbert syzygy theorem) Every finitely generated A-module has a free resolution
of length < n.
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Remark. Free resolutions of A-modules are not unique, nor are the dimensions of the free modules
involved. One invariant however is the alternating sum of these dimensions (this is formulated
using the theory of Hilbert functions in, for instance, [CLO05]). The proof of the Hilbert syzygy
theorem will nevertheless yield a constructive method of computing a resolution of length < n.
This length is termed the global dimension of A, a homological invariant of the polynomial ring
itself.

In order to prove Theorem B=33, we will require the following technical result making use of the term
order < described in Proposition B=Z3. We will once again use the notation for leading monomials
defined before Theorem E—24.

Lemma 4.34. Let G = {g;...,g,} be the Grébner basis of a submodule of A™ with respect to
a term order <. Arrange the elements of G so that whenever the leading terms LT _(g;) = cXe;,
and LT_(g;) = dY'e, have the same basis vector, i.e. if K = £ and i < j, then X >, Y with
respect to the lex order on A with ; > --- > x,,. Then the following holds:

L. If the variables z4,...,z,, for m € {1,...,n — 1} do not appear in some LM_(g;) for j €
{1,...,t}, then the variables zy,...,z,,,, do not appear in LM_(s;,) for z € {j +1,...,t}.
Consequently, if x4, ..., z,, do not appear in any LM _ (gj), then x4, ...,,,,1 do not appear
in any LM (s;,) for 1 <j <z <t

2. x; does not appear in any LM_(s;,) for 1 <j <z <t.

Proof. Let i,j € {1,...,t} such that i < j. If LM.(g;) and LM_(g;) have different basis vectors,
then X;; = s;; = 0 so that no variables appear in s;;. Assume thus that LM_(g;) = X;e, and
LM (g;) = X;e, for some £ € {1,...,m}.

From the first part of the proof of Theorem B8, we have LM (s;;) = (X;;/X;)e; = (X;;/X;)e;.
Assume now that xq,...,7,, do not appear in X;. Since i < j, we have X; > X, by the
arrangement of the elements of G, so that the variables xy,...,z,, do not appear in X; and the
power of z,,,; in X; is equal to or larger than the power of z,,,; in X; by Definition BR. Then

the power of z,,, 1 in X;; is the largest of these two powers and hence x, ..., %, do not appear
in XU/X“ nor in (XZ]/X’L)eZ = LM<(S”)

Thus if the variables zq,...,x,, do not appear in any LM_(g,) for i € {1,...,s}, the variables
Ty,...,Tp41 do not appear in any LM_(s;;) for 1 <i < j <t.

We now wish to show the last statement. Since i < j, we have that X; >, X;, so that the power
of z; in X, is equal to or larger than the power of z; in X;. Then the power of x; appearing in
X;; is the largest of these two powers, so that z; does not appear in LM _(s;;). O
We now give the proof of Theorem B=33:

Proof. Let M = A% /M, be a presentation of the (finitely generated) A-module M. If M, = {0},
the resolution is trivial. Otherwise, a Grobner basis of M|, exists with respect to some term order
< on the monomials of A* so we can write My = (G) = (g, - .., &), letting said Grobner basis be
the generating set of M,. Arranging the elements of G according to Lemma B=34, let ¢ € {0,...,n}
be such that xy,...,z; do not appear in any LM_(g;) for j € {1,...,t}. Then either i = n or
1 <M.

If i = n, none of the variables appear in any LM_(g;). Then LT_(g;) = ae, for some coefficient
a € kand? e {1,...,50} so that the leading term module LT _ (G) is generated by the basis vectors
e, appearing in the leading terms of the elements of G and is thus free. Let M’ be the free module
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generated by the basis vectors that do not generate LT _(G) and construct the homomorphism

. M = A®/M, 2% M
f - f+ M,

We wish to show that 7 is a bijection. Let f be such that f € M, and f € M’, so that f € ker.
Then LM_(f) is divisible by some LM_(g;) since G is a Grobner basis of M. Since f € M’ it
consists of terms that do not feature the basis vectors appearing in the leading terms of the g; so
that f =0, kerm = {0} and 7 is injective.

For all f € A°°, we have that f reduces as f N 4 r by G for a unique remainder r (again since G is
a Grobner basis of M), so that f —r € M, and f+ M, = r + M. Since r is reduced with respect
to G, no term in r is divisible by any LM (gj), that is, r does not contain the basis vectors which

appear in the leading monomials LM (g;). Hence r € M " and 7 is surjective. By the isomorphism
theorem, M’ =2 A®° /My = M and M is free, terminating the exact sequence.

If i < n, construct the jth step of the following free resolution

Asj b; Asj,l b1 2 Asl b1 Aso 2 M 0

as follows:

Let < be a monomial order on A% and let G be a Grébner basis of ker ¢; < A’ Arrange the
elements of GG; according to Lemma and let s; ;1 be the number of basis elements s;; = |G}|.
Construct ¢, as the customary projective homomorphism from the free module A*** onto ker ¢;.

By Lemma and the assumption that the variables zq,...,z; do not appear in the leading
monomials of the elements of the Grobner basis of My, i.e. the LM_(g;), we have that z1,..., 2,4

do not appear in the leading monomials LM_(s;;) of the Grébner basis of Syz(G) with respect to
the term order < induced by G. Furthermore, regardless if x; appears or does not appear in some
LM_(g;), then x; does not appear in any leading monomial of the Grobner basis of Syz(G).

Hence we can apply Lemma repeatedly so that no variables appear in the leading monomials
of the generators of ker ¢,,_;, reducing the resolution of ker ¢,,_; to the case above, yielding that

Asn_i/ker ¢n—i =im d)n—i

is a free module. Then replacing A*"~* with A*"~*/ker¢,_,; at index n — i in the sequence
terminates the resolution. O

Remark. Computing the free resolution of an A-module M by applying Lemma and using the
induced Schreyer orders < at every step as in the proof of Theorem BZ33, one algorithmically arrives
at a sequence of length < n. However, this process is computationally very cumbersome since a
comparison of two terms at the ith step using <; recursively requires the previous i — 1 term orders
and Grobner bases for comparisons in the free modules above. This algrotihmically naive approach
is therefore typically avoided as there exist refined, substantially more efficient algorithms which,
for instance, omit terms in the module elements which are not used during computation and utilise
deeper theory such as that of Schreyer frames. The details of such implementations are beyond
the scope of this text. An example of current research in the field can be found in [ENMSSTH].

Ezample 4.35. (Exercise 3.10.1 in Adams & Loustaunau, [AT.94]) We calculate a free resolution
for the module generated by

(xvyaz) ) (yaxaz) ) (yaz7x) ) (937279) ) (yax - Z,Z) ) (yvz7x - Z) € @[x’y7z]3
for the lex term order with TOP.
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Implementing the above algorithms in sagemath,we find a free resolution:

0 Al By opqh Be g6 M 0

We verify this calculation with macaulay2. The intermediate maps B; : A' — A*and By : At — AS
are given by the matrices

2

i o 0 —z —Yyz — 2z
—z Yy—z T — 2z Yy—z —x2+y2—|—yz+22
By = —xy_—l-zz . By = —y+z —zr+2z —y-+=z —22
T —z 0 z z
0 0 —r+z —-y+=z x2+:z:zfy27yz
0 T —z Yy—z 0

It is readily verified that B, B; = 0 so that im B; C ker B,. For the other inclusion, using the
methods outlined in sections B2 and B=3 we can compute the syzygy module of the columns of B,,
i.e. ker B, and see that its generator is the column vector of By. Thus im B; = ker By. A

resolution for the ideal
M= <'yZ - xwvyB - (E2Z,x22 - y2w,z3 - yw2> d k[‘rvyvzaw] =A

with degrevlex.

Calculations with macaulay?2 as described above give the following free resolution:

0 AL By qt By g M 0
The intermediate maps are given by:
w -y —xz —yw —=z
B —z B z w 0 0
o=y ) T2 2 y -z —w
T 0 0 T Y

4.5. The Hom module

We are now interested in the explicit computation of two particular objects in the setting of A-
modules. The first one, Hom, is presented here. The other is covered in BZ4. These objects from
homological algebra cannot be given a proper theoretical treatment in this text. Such an exposition
can be found in [Wei44].

Definition 4.37. Let M, N be A-modules. Then we define Hom(M, N) to be the set of A-module
homomorphisms ¢ : M — N. Hom(M, N) is in particular an A-module under addition of homo-
morphisms (¢ + ¢)(m) = ¢(m) + ¢»(m) and the following multiplication by elements a € A:

(a¢)(m) = a(¢(m)) = ¢(am).
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For two free A-modules A°, A" we can associate the matrix of a homomorphism ¢ : A* — A" with

the vector in A*" consisting of the concatenated columns of the matrix ¢ such that Hom(A®, A") =
A®'. This will enable us to use explicit methods in EA.

The following result from homological algebra is useful:

Proposition 4.38. Given A-modules M;, P and A-module homomorphisms ¢, satisfying the
exact sequence

M,

the following sequence is exact:
0 —— Hom(Ms, P) —% Hom(M,, P) —2 Hom(M,, P)

If the module P is free, the following sequence is also exact:

Hom(P, M) —2° Hom(P, My) —2> Hom(P, My) — 0

Remark. These properties can be referred to by saying that Hom is a left-exact functor. Further-
more, the only statement in the second sequence that requires P to be free is that 1, is surjective
— this statement is in fact equivalent to the definition of P being a projective module. The Quillen-
Suslin theorem states that every finitely generated projective module over a polynomial ring is a

free module, so in our scenario we will not discuss projective modules further. We refer to [Lan0?]
for details on these properties and a proof of the mentioned theorem.

Proof. See [ATY4|. O

By Lemma B9, we have M = A°/L and N = A"/K for some s,t € N, L < A® and K < A". Taking
one step in the free resolutions of M and N, respectively, we have the exact sequences

A Dy qs g 0 and A" A, 4t TN 0,

where I" and A are projections of the basis vectors of their respective domains onto the generating
sets of L and K and 7 and 7’ are the ordinary projections of basis vectors onto the generating sets
of M and N.

Using Proposition we thus obtain three exact sequences:
0 —— Hom(M, N) —"— Hom(A*, N) —— Hom(A*, N)
Hom(A®, A™) _Be Hom(A®, A") —=— Hom(A*, N) ——— 0

Hom (A%, A™) BEIIN Hom(A*', A") —° Hom(A®',N) —— 0.

Since composition with T’ also gives rise to a homomorphism Hom(A®, A") — Hom(A®', A") and
since (' o f) o' = 7’ o (f o T), we can arrange the sequences in the following commutative diagram
with the diagonal map ¢ = I o 75:
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0

|

0
0 —— Hom(M, N) —r Hom(A%, N SN Hom (A%, N)

/ of

Hom(A®, A% EELLEN Hom(A®*, AY)

a] a.]

Hom(A*, Atl) Hom(A™, Atl)

’
T o

Denote the kernel of ,I" in Hom(A®, N) by K. From the isomorphism theorem for modules, it can
be identified that:

1%

Hom(M,N) > K
Hom(A®, N) = Hom(A®, A")/im(A,)
Hom(A®', N) = Hom(A®*, A")/im(A,)
From the exactness it is seen that 7, is surjective and therefore K is exactly the image of ker ¢
under 7. The isomorphism theorem again gives that K = ker ¢/ ker w, = ker ¢/im A,, and thus
Hom(M, N) 2 ker p/im A,. This is a quotient of two submodules of Hom modules, isomorphic to

two submodules of two free A-modules (since Hom(A*, A7) = A” | as discussed above) and can as
such be computed in a straightforward way, as we shall see in the following section.

4.6. Explicit calculation of Hom

To make use of Grobner methods, we will now follow the theory of the previous section with
explicit methods and calculations of the associated matrices. This section roughly follows the
reasoning sketched in [AT94], filling in the omitted details in the reasoning and correcting some
minor inconsistencies.

The lemmas of this section deal with the associated matrices of maps discussed in Section BZ3. The
proofs of these results are technical and will be omitted. The interested reader can find these in
[AT94).

Lemma 4.39. For a map p : A" 5 A" associated with Sy, as above for p = § and £ = s, we have
that

where @ denotes the block sum of matrices obtained by concatenation along the diagonal.

Hence we have, with (T') denoting the submodule generated by the column vectors of a matrix
T e A",

Hom(A®, N) = Hom(A®, A")/im(A,) = A*/(S,)
Hom(A®, N) = Hom(A®*', A")/im(A,) = A% /{S,)-

Then the map ,I' : Hom(A®, N) — Hom(A®*, N) induces a map v : A**/(S,) — A***/(S,,) and we
have the following result:
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Proposition 4.40. The map  above is defined by
vio AT/S) = AT/(S,)

1

m+(S,) — Tm+(S; ),

where
T="T®I)ec A",

I, denotes the identity matrix of A" and ® denotes the tensor product, i.e. replacing the i, jth
element ~;; of ' by v;; ;.

We now state a result on presentations of quotient modules.

Proposition 4.41. Given submodules M, N < A™ such that N ¢ M, M = (f,....f,) and
N ={gy,...,8;), define the following A-module homomorphism:

¢: A — M/N
e; — fl—f—N @6{1,,8}

Let furthermore H = (f; --- f, g - g)¢€ A™ 6D and Syz(H) = (py,...,p,) < A,
Denoting by h; € A® the vector containing the first s coordinates of p; for i € {1,...,r}, we have
that

ker¢ = (hy,..., h,).

Proof. See [AT.94]. O

Construct the homomorphism in Proposition B2 for our scenario:

v A 5 AT (S,)
m — Tm+(S,),

where 7' is the matrix from the definition of y and U = (u; -+ u,) € A for some u € N is
the matrix such that (U) = ker(y') < A*". Thus 7' = 7 o T, summarized in the diagrams below:

At T, gt m % Tm
G Pk
ATJ(S,) = AM(S,) {8 T+ (S,

Thus by our previous results
Hom(M, N) = ker ,I' = ker y = ker~'/(S,) = (U)/(S,).
Applying Proposition BZA1 again construct a homomorphism

§: A" = (U)/(S,)
e, — w;+(S,) ie{l,... u},

so that
Hom (M, N) = (U)/(S,) = A"/ ker¢,

where ker ¢ is obtained as described in Proposition BEZ1. This is the desired presentation of
Hom(M, N). We summarize the steps of our computation below.

Summary 4.42. Let M = A°/L and N = A'/K be A-modules. Then, with the notation used
above, Hom(M, N) is computed as follows:
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1. Construct the matrices I' and A from the generating sets of L and K, respectively.
2. Compute T ="(I'® I,).
3. Compute the matrix U as ker~’ using the theorem above.

4. Compute ker . We now have a presentation of Hom(M, N) as A"/ ker €.

Ezxample 4.43. We now show calculations of Hom between two modules as indicated in example
3.9.6 of [ATY4] using the degrevlex order, following the procedure of Summary B232.

Consider the module M generated by the columns of the matrix
Ty Yy 0 Yz
F=|zz = 2°—2°2 2°
yz y r'y—wyz wy
and the module N generated by the columns of

2 2? 2’z
G = < 2 2 2)-
yoyz xy +yz

We calculate the first maps of their respective free resolutions to

oy -1 —z —xz
2
. 2 I - 0
A= —xy_—i— Z_ZZ_Z ’ I'= 0 -1 —z-=z
Y -1 x—z x2
The values of the constants s, s;,t,t; are thus 4,3,3,1.
The tensor product T =*(I' ® I,) is easily written as
-1 0 0 z+z 0 0 0 0 0 -1 0 0
0 -1 0 0 z+z 0 0 0 0 0 —1 0
0 0o -1 0 0 z+z 0 0 0 0 0 -1
—z 0 0 22 0 0 —1 0 0 r—z 0 0
0 -z 0 0 22 0 0 -1 0 0 z—-2 0
0 0 —z 0 0 22 0 1 0 0 x—=z
—zz 0 0 0 0 0 —x—=z 0 0 z? 0 0
0 —zz 0 0 0 0 0 —z—z 0 0 z? 0
0 0 -2z 0 0 0 0 0 —z—2 0 0 7

51
For the use of the lemma, we construct S, = A and H = (T551)~ Here, r = 10.
i=1

The syzygy matrix of H is calculated, and by taking the r = 10 first rows we obtain U as
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z 00 -1 0 0 y 0 0 0
0z 0 0 -1 0 —y  yz—2z° 0 0
00z 0 0 -1 0 —y+z 0 0
100 0 0 0 0 —y —xy 0
010 0 0 0 0 y xy —yz+ 2° 0

p_|00 1 0 0 0 0 0 y—z 0
000 2 0 0 0 0 0 0
000 0 =z 0 yz—2z 0 0 0
000 0 0 z —-y+z 0 0 0
z 0 0 1 0 0 —y —yz 0 —zy
0 2 0 O 1 0 Y Yz 0 xyfyz+z2
002 0 0 1 0 0 0 y—2z

Here the number of columns is v = 10. We construct S, = @ A and I = (US,).
i=1

Constructing the syzygy matrix of this and Grobner reducing the columns we obtain

-y 0 Yz 0

Y 0 —2? 0

0 0 —-y+z 0

0 —y 0 Yz
V=14 Y 0 —2?

0 0 0 —y+z

0 -1 0 —r+z

-1 0 —-z+4+z 0

which is the sought presentation matrix for the module Hom(M, N). This result differs slightly
from the one obtained in [AT.94] due to the different term order used. A

4.7. Calculations of Ext

Having the tools to describe Hom between two A-modules, we turn our attention to a related
functor that plays a fundamental role in homological algebra, namely Ext. It is an example of
a so-called derived functor. For two A-modules, Ext’ at an index i can be computed using the
methods of Section E8.

Definition 4.44. Let M, N be A-modules and the following be a free resolution of M:

ry ry

Fito ASit L1 ASi r; ASi-1 Ty

A% A% M, 0.

Construct the following sequence of Hom modules at index :
C— Hom(Asi“,N)Ol;leom(Asi,N) o Hom(ASi‘l,N)OE:1~ ! Hom(A*,N) «+— 0 .
We then define Ext’(M, N) = ker (,I';41) /im (,I;).

Remark. From the homological definition, Ext®(M, N) = Hom(M, N). Furthermore, since Ext
is the quotient of two A-modules, it is an A-module and in particular retains the abelian group
structure.
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Computing explicit presentations of the objects in the Hom sequence by the method of Section B8
we obtain

T, v
. AuiJrl/Ll'_;'_l i+1 14'(”/[/2 T1, Auiil/L'L—l ¢ e
and can then calculate ker (,I'; ) by Proposition EZ1.

Ezample 4.45. Let A = k[z,y, 2] and consider the A-modules

I=(z, vy, 2)
J=(xyz, a2y+xzz+yz, c+y+2)
L=(—2"+z v +2° 2°

andlet M = A'@Tand N =A*/(JeIaL).

A free resolution for M can be calculated as

00 o gl _91, 43 92, g4 M 0
with the maps
. 0 0 0
B |-y —z O
91 = Yyl g2 = T 0 —z
x
0 T Y

Applying Hom(—, N), this gives a sequence
0 «—— Hom(A', N) «*¥— Hom(A® N) «+22~ Hom(A*, N) +— 0.
The maps Gy : A% — A? and Gy : A" — A? induced by .g; : Hom(A*, N) — Hom(A', N) and

ofo Hom(A4, N) — Hom(Ag, N), respectively, as homomorphisms between free A-modules are as
follows:

-z 0 0 yv 0 0 y+2 0 O
G, = 0O 0 0 0 0 O 0 0 O
0 0 —2 0 0 y 0 0 —=x
000 -y 0O 0 —-y—z 0 0 0 0 0
0 00 0 0 O 0 0 O 0 0 0
0 00 0 0 —y 0 0 =z 0 0 0
0 00 —2 0 O 0 0 0 —-y—2 0 O
Gy = 000 0 0 O 0 0 O 0 0 0
0 00 0 0 —z 0 0 O 0 0 =z
0 00 0 0 O —z 0 O Y 0 0
0 00 0 0 O 0 0 O 0 0 0
0 00 0 0 O 0 0 —z 0 0 y

By matrix multiplication we can verify that all compositions are zero.
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Further calculations yield that Ext' and Ext® have the presentation matrices

z y x 00 0O0O0OOOOOOOOOOOOOTODODOO0OO0OTQO0OTO
00 0 zy « 0OO0OO0OO0OO0OOOOOOOOOOOOODOOTQODO
000 00O 29y« 0OO0O0OO0OO0ODO0OO0ODOOODOOOOOOOQODO
0 00O0OO0OO0ODOOUO =2y 0O0OODOOODODLOLOOOOTUOOOTODO
0O 00O0OO0OO0ODOOOOOOUO =29y =z 0O0OO0OO0OO0ODO0ODO0ODOOOTO0OTQOTOQO
0 00O0OO0OO0ODOOODOOOOOOO =29y 00O0OO0ODO0ODO0ODOO0OODO
0 00O0OO0OO0ODOOOOOOOOOOOODOS®Zyaxz0O0O0O0O00O0OTO0
00 0 0O0O0OOOOOOOOOOOOODOOD O =2z9yx o000
oOoo0o 0 O0o0OOOTODOLODODLODLDOODLODOODODODODODODOD z 9y =
and
z y x 0 0 0 0 0 O
00 0 z y « 0 0 0

00 0 000 2z 9y =

These matrices can be conveniently written as Eq and E3 for

J
E; = @ (z Yy x)
k=1
so that
Ext!(M,N) = A? /(E,) = A/ ({all variables in all coordinates})
and

Ext®(M,N) = A®/(E;) = A®/ ({all variables in all coordinates}).

In essence, we have taken the respective ambient free modules of the Ext groups and “killed” every
variable x,y, z. These quotient modules behave as cartesian products of copies of the underlying
field £ and since the scalar multiplication with a p € A can be replaced by multiplication with
CT(p) € k, they are in fact isomorphic to the vector spaces k° and k°. A
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5. Coda

The original theory of Grébner bases for ideals in polynomial rings over a ground field has become
an indispensable set of tools for many ordinary algebraic problems. Many of the leading computer
algebra systems, including mathematica,sagemath,macaulay2 and many others incorporate im-
plementations of Gréobner methods.

As indicated in section H, the central concepts can be straightforwardly restated in the more
general context of modules over the polynomial ring. Further generalizations to different algebraic
structures are possible. For instance, analogues of Grobner bases can be introduced in settings
where the ground ring is not necessarily a field (see [AT.94]) and in settings of differential rings (see
[Man4T]). Even for non-commutative scenarios such as in the theory of so-called towers of HNN
extensions of free groups, analogues of Grébner bases has been defined (see [BVOA]).

The computational properties of the calculation and usage of Grobner bases are a subject of their
own. Significant refinements of the original Buchberger’s algorithm treated in Section B33 can be
introduced using the syzygy theory defined in Section B=3 as is done in [ATY4]|. Current work on
computations in module theory (such as computing resolutions) making use of induced Schreyer
orders (Theorem E28) include [EMSSTH].

Extrapolating from the success that the theory of Grobner bases has celebrated since its inception
more than half a century ago, it is not controversial to predict an innumerable variety of applications
and generalizations to come in the near future.
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